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ABSTRACT:

This paper deals with the problem of obtaining non-zero distinct integer solutions to the non-
homogeneous binary quadratic equations with two unknowns y? = 30x2 + 1. A few interesting
properties among the solutions are given. The construction of second order Ramanujan
Numbers is illustrated. Employing the linear combination among the solutions of the given
equation, integer solutions for other choices of hyperbola & parabola and a few relations

among special polygonal numbers are obtained.
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INTRODUCTION:

The binary quadratic equation of the form y* = Dx*+ 1,where D is non-square positive
integer has been studied by various mathematicians for its non-trivial integral solutions when
D takes different integral values [1-4]. For an extensive review of various problems, one may
refer [5-13]. In this communication, yet another interesting hyperbola given by
v®=30x"+ 1is considered and infinitely many integer solutions are obtained. A few
interesting properties among the solutions are obtained. Further, employing the solutions of
the above hyperbola, we have obtained solutions of other choices of hyperbola and parabola.
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METHOD OF ANALYSIS:

The Positive Pell equation representing hyperbola under consideration is
yi=30x*+1 (1)

Whose smallest positive integer solutions by trial and error

Xg=2;¥, =11

Whose general solution is given by

Xy = %gn Ve =3 f,

Where

fo=(114 2v30)" + (11— 2v30)"

g, = (11+ 2/30)"* — (11 — 2¢/30)"*?

Applying the Brahmagupta lemma between (x,, v,) & (x,..¥,,) the other solution of (2.1) are

given b

11

xn+1 = Zﬁp"ﬁgn + f;:z

11 =
Yne1 = ?ﬁz + v Eﬂgu

The Recurrence relation satisfied by x and y are given by
Xpez — 22:"E:lz+1 + Xp T 0

¥Ynzz — 22.-!'F:'z+1 —|—_‘!,F” =0

A few numerical examples are given in the following table.1

Table: 1 Numerical values.

xii -}rii

2 11
44 241
966 5291

21208 116161
46561 2550251
1003134 | 55989361

Gl WINFL Ol S

From the above table we observe some interesting properties among the solutions which are
presented below:
1. Relations between solutions

> Xpez — 22x:lz+2 + X1 = 0

> 2.-!'F:lz+1_:’T‘-:'z+2—|_ llxu+1 =0
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2.--"F:lz+2 - 11x:z+2 + Xps1 = 0

2---l'r;'z+5 - 2'}'l'j‘j‘-;'H: + 11xn+1 =0
1
> x:lz+2 I [x:lz+1 - x:lz+3:| =0

[x:lz+3 - 241_‘1'?”1] =0

e

> Yne1 —

1
> Vpgz — ;[Iuﬂ _x;-z+1] =0

1
> Ynez — az [241.‘1';,”_3 _x:lz+1:| =0
> Xpe2 _11xaz+1+2FJz+l= 0
> xn+3 - 2413‘.’”_'_1 - 44}Fn+l =0
> Yrso _11F11+1_Enxn+1 =0
> Yz — 2'}'1']'---"F;'z+1 - 132[!_’1'”_“_ =0
1
> Xpip— 1 [%41 T 2V,42] =0
> xn+3_ In+1—4_}?”+: =0
1
> Yo — H[F:lz+2 _Enx:z+1:| =0
1
> Vaiz — E[241F:z+2 +Eﬂxn+1:| =0
1 —
> Xpip— E[llxaﬁi +2y,:3] =0

1
> Xpaz— E[IJHI +44y,.5]1=0

1
> Vns1 _E[F;Ha — 1320x,,,] =0

1
> Yusz —

241 [11}?”_|_3 - Eﬂx:lHl] =0

2. Each of the following expressions represents a Perfect square integers:
» 2¥y41 T2
[44¥5,400 — 2V5,43] +2

1
I [2V5,40 — 12035, 4] + 2

[22y3,42 — 120x;5,4,] + 2

vV V YV V

1
I [482y,,5, —120x,,.5] + 2

$[2F2n+3 - 2640:1’:?2_'_1] + 2

A\

> [2Vp23 — 240x,,,,] +2
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[482y3,,43 — 2640x,,,5] +2
[Xpez — 11xg,44] +2

1
; [xf:'z+3 - 241.’1’:?24_1] + 2

vV V V V

[11x5,05 — 241x,,,,] + 2

3. Each of the following expressions represents a Cubical integers:
> E---I’F!EI;'2+2 + E'--I’Fn

» 44V3n43— 2Vansa T 132¥540 — 6Vp4

> = [2V3043 — 120%5,.5 + 63,21 — 360x,]

> [22y3,45 — 120x5,,, — 66y, +360x,.,]

> ll_l [482y3,,43 — 120x3,,,,] + [1446y,,, — 360x,,,,]
> o [2Vanss — 2640x5,.,] + [63,.5 — 7920x,]

> [2V3n4s = 240x35,45] T [6¥4, — 720x,,,]

> [482y5,.0 — 2640x,,,,] + [1446Y,,, — 7920x,,,.]
> [Xanes — 11xg,4,] + [3%,4, — 33x,]

> —[Xapes — 24105, +[3%,4, — 723x,]

» [1lxg,.. — 241xg,.3] +[33x,:, — 723x,,44]

4. Each of the following expressions represents a Bi-quadratic Integer:
> 2.-."?4:lz+3 + 16}F:E —2
[44Van+s = 2Vans+s] T [17635,40 — B¥op43] + 6

1
T [[2¥4nss = 120x4,, 3] + [Byon 4 — 480x,,.,]] + 6

[22¥4,44 — 120x4,,3] + [88yy, 47, — 480x,,,,] + 6

YV V VY V¥V

ll_l [[241y4,54 — 60x4,5:] + [964ys, 10 — 240x,,,5]]1 +6

1
m[[z}huﬁ — 2640x,,.3] + [8V2n43 — 10560x,,,,]] + 6
[2Vans+s — 240%,4,54] + 4[2V2, 55 — 240xy,,,]] + 6

[482¥4p45 — 26402y, 5] + 4[482Y3,45 — 2640x5,45] + 6

vV V V VYV

[Xanss — 11xgpq] + 4[x5p50 — 22%5,,,5]] + 6
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1
> —[[Xapss — 241x,4,:3] — 4[2%5,55 — 241x5,44]] + 6

3y

> [1lxg,es —241x,,,,] +4[11x,,,3 — 241x,,,,]] +6

5. Each of the following expressions represents a Quintic Integer:
> [2F5n+4 + E(EEIJE - E(E}F;'zj

> [4%Vsn4s — 2Vsn+e] T 5[44Vps1 — 2Vy40 ]3 —5[44y, 41 — 2Vp42]

> = [2Vsnss — 120%5,.4] + 5[ [2¥s1 — 120, 1 — 5[ (2y,4, — 120x,)]

» [22¥gp45 — 120%5,, 5] + 5[22¥,49 — 120x,4 ¥ =5[22y, — 120x,,,,]

> = [482y5,.5 — 120x5,..] + 5[ [482y,.y — 120x,,; 1° — 5[ (482y,4, —

> o [2Vense — 2640%5,5.] + 5[ [(23,42 — 2640x,)]° — 5[ (2. — 2640x,,)]
» [2Vsn46 — 240%x5,55] + 5[2¥,45 — 240%,4,]1° — 5[2¥,4, — 240%,,4,]

> [482y,.. —2640x_, .. | +5[482y,.,— 254[!:(”_'_:]3 — 5[482y,., — 2640x,,.]

¥ [Xgnes — 11%g04] + 5[(%,0q — 11%,)]% — 5[ (x4 — 11x,44)]

> = [Xopse — 24105,08] + 5[ [(%ns2 — 241x,)]° = 5[ (x4 — 241x,)]

> [1lxg,.. — 241x.,..]+ 5[(11x,., — 24 lxnﬂj]a —5[(11x,., — 241x,,,)]

6. Construction of second order Ramanujan Number:

The process of obtaining second order Ramanujan Number from suitable choices of x and y

is illustrated through an example below.
From

x, =44

=22*2=11*4=1*44

= A=B=C

From A = B consider the relation

(22+42)2 + (11— 4)% = (22—2)* + (11 +4)°
(24)* + (7)* = (20)* + (15)* =625

From A = C consider the relation

(224 2)7 +(1—44)% = (22— 2)" + (1 +44)°
(24)% + (43)* = (20)% + (45)°=2425

Copyright@
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From B = C consider the relation
(11+4)2 +(1—44)% = (11— 4)% + (1 +44)°
(15)% + (43)° = (7)* + (45)*=2074
Each of the numbers 625, 2425, 2074 is expressed as sum of two squares in two different
ways.

Thus the above number are second order Ramanujan Numbers.

EMARKABLE OBSERVATIONS:
1. Employing linear combinations among the solutions of (1), one may generate integer

solutions for other choices of hyperbola which are presented in table: 2 below

Table: 2 Hyperbola.

Copyright@

S.No _ !—Iyperbola (P,Q)
1. | 120X —¥* =120 X=y,
Y=y,4 — 11y,
2. | 58080X°—Y*=758080 X=y,
V=yvy,., — 241y,
3. |X*—-30¥Y*=1 X =y,
Y==x,
4., |121X*—30Y* =121 X=y,
Y=1x,. — 2y,
5. |58081X-—30¥*=58081|X=1y,
V=ux,.,— 44y,
6. |XT—vi=120 X = (2640y,., —120y,4,)
Y= (11y,5, — 241y,:4)
7. | X*—-3630Y*=121 X = (y,4, —60x,)
¥ =x,
8. |x*—30¥i=1 X = (11y,4, —60x,.,)
Y= (11x,4; — 2¥,44)
9. |xT—30v =121 X = (241y,4, —60x,,,,)
Y = (121x,,, — 484y _.,)
10. | X* —1742430Y% = 58081 | X = (V¥,4, — 1320x,)
¥V=x,
11. | X* — 30Y* =1 X = (11y,., —1320x,,,)
V= (241x,,, — 2y,:-)
12. | X — 30v° =1 X = (241y,., — 1320x,,,)
Y = (241x,,, — 44y,_.,)
13. | xT— 120¥* =4 X = (x4, — 11x,)
V=x,
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14. | X* — 58080Y" = 1936 X = (x5, — 241x,)
¥V=x,

15. | X* —30Y =4 X = (11x,., —241x,.,)
V= (44x,,, — 2x,:,)

2. Employing linear combinations among the solutions of (1), one may generate integer

solutions for other choices of hyperbola which are presented in table: 3 below

Table: 3 Parabola.

S.No Parabola (X,2)

1. |60x— ZZ=120 X = (Vs 1)
Z= (Vps1 — 11y,)

2. 29040X — Z* = 58080 X = (Vapsqy +1)
Z = (ype, — 241y,)

3. |X—60Z7=2 X = (Vs +1)
Z=x,

4. |11x— 60z% =22 X = (Vs +1)
£ =X,y — 2y,

5. | 58081X — 60Z% = 116162 | X = (y,,., + 1)
£ =X, — 44y,

6. |60X— ZZ=120 X =(22¥3p47 = VYn+z T 1)
Z=11y,,,— 241y .,

7. |x—660z%=22 X = (Vaps2 —60x5,,, +1)
Z=x,

8. X— 602Z°=2 X = (11yy,4, —60x5,,, + 1)
Z=(11%,4; — 2¥p4q)

9. X— 602°=2 X = (241yy,25 — 60x5,,3 + 1)
Z=(11x,,, —44v,.,)

10. | X — 14460Z° = 482 X = (Vope3 —1320x,,,, + 1)
Z=x,

11. | X — 60Z% =361 X = (121y5,55 — 14520x5,,,)
Z = (241x,59 — 2V,10)

12. |x— 602%=2 X = (241y,,,, — 1320x,,,, + 1)
Z = (241x,,, — 44y, .,)

13. | X — 120Z% =4 X = (¥3p0 — 1lxg,., +2)
Z=x,

14. | X — 2640Z° =86 X = (X505 — 241%,,.4)
Z=x,

15. |X— 30z =4 X = (11x3,53 — 241x,,,, +2)
Z = (44,5, — 2x5,47)
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CONCLUSION:

In this paper, we have presented infinitely many integer solutions for the hyperbola

represented by the positive pell equation y*= 30x*+1. As the binary quadratic

Diophantine equations are rich in variety, one may search for the other choices of positive

pell equations and determine the integer solutions along with suitable properties.
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