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ABSTRACT:
This paper deals with the problem of obtaining non-zero distinct integer solutions to the no

non-homogeneous binary quadratic equations with two unknowns ¥* = 40x*+ 1. A few

interesting properties among the solutions are given. The construction of second order
Ramanujan Numbers is illustrated. Employing the linear combination among the solutions of
the given equation, integer solutions for other choices of hyperbola & parabola and a few

relations among special polygonal numbers are obtained.

KEYWORDS: Binary quadratic, Non-homogeneous quadratic, Pell equation, Positive Pell
equation, Hyperbola. 2010 Mathematics Subject Classification: 11D09.

INTRODUCTION:

The binary quadratic equation of the form y* = Dx*+ 1,where D is non-square positive

integer has been studied by various mathematicians for its non-trivial integral solutions when
D takes different integral values [1-4]. For an extensive review of various problems, one may
refer [5-13]. In this communication, yet another interesting hyperbola given by

v® =40x"+ 1is considered and infinitely many integer solutions are obtained. A few

interesting properties among the solutions are obtained. Further, employing the solutions of

the above hyperbola, we have obtained solutions of other choices of hyperbola and parabola.
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METHOD OF ANALYSIS:
The Positive Pell equation representing hyperbola under consideration is
yi=40x"+1 (1)
Whose smallest positive integer solutions by trial and error
Xy =3;¥, =19
Whose general solution is given by
=t 5 .y =1
Xy _:\‘:ﬁgn P ¥y :Jﬁz
Where
nt+l nt+l
f.=(19+ 3v4a0)  + (19— 3v40)

g, = (19 + 3V/40)"*! — (19 — 3/40)"*!
mn

Applying the Brahmagupta lemma between (x4, v,) & (x,.. ¥,,) the other solution of (2.1) are

given by
_ 19 3
Xne1 = zv,mgu + Ef::z
19 340

Yusa :?ﬁz—i_ 2 Hy

The recurrence relations satisfied by x and y are given by
Xpez — 38x:lz+1 + Xn = 0
Vpgo — 38F11+1+F:z =0

A few numerical examples are given in the following table.1

Table: 1 Numerical values.

Xn Yn

3 19
114 721
4329 27379

164388 1039681
6242415 39480499
237047382 | 1499219281

Ol WIN L O|D

From the above table we observe some interesting properties among the solutions which are

presented below:
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1. Relations between solutions

> Xpez — 38.‘1’n+: + X1 = 0

1
> 2_‘_!,1”+1 T3 [EXJHZ - 38x::+1] =0

> 2.--l'r:-z+2

1
> 2_‘_!,1”+3 - 3[1442?:”4_: - 38x:z+1:| =0

> Xz —
> Antl

> 2.--l'r:-z+"'
> ¥nss —
>

> Tnss —
> ¥z —
> }r:'z+3

> gz —
> Tnss —
> L]
> Yz —
> Xntz

> Xn+d —

> Vi1~ ooy [Vasz — 4560x,,] =0

1
> Y42 _E[lg}r:'!+3 - lzﬂxn+1:| =0

. Each of the following expressions represents a Perfect Square

114

_3 [38xn+2 - 2""E:-z+1:| =0

1

E [x:lz+1 + x:lz+3:| =0

1
[x:lz+3 - ?21.‘1'”4_1] =0

1
- E[x:'z+3 _x;.;+1:| =0

1
m[?zlxaﬁﬁ _x:lz+1:| =0

Xpez — 1gxn+1 - 3}?”_'_1 =0

?Elxrﬁl - 114F?z+1 =0

j":‘;'..--"F:lz+1 - lzuxaﬁl =0

1

E [x:'z+1 + 3F:-z+2:| =0

Xpe1— E'F:'z+2 =0

1
- _[F:'z+2 - 120.’?{'”4_1] =0

15

1
19

- L|:j":;'.j'::'z+1. + 3F:-z+3:| =0

71
1
E[x:lﬁl + 114}Fn+3:| =0

1

2}’:;;+1 + 2

2
>
> [2}’:;-:+3 - ?ﬁ}r:”“] +2
>

1
E[Z}an $2 24ﬂx2:z+1] +2

Copyright@
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> [38ya,40 — 240x,,,,] + 2

> %[1442}’::”: — 240x,,.5]1+ 2
1

> E[z}rﬂn+3 — 9120x5,4,] + 2

> [2¥3,43 — 480x5,:,]+2

> [1442Y2,43 —9120x5,43] +2
1

> g[zx:uﬂ — 38x,,4,] +2

> —[2%n,.,— 1442x, . ]+2
114 2n+3 2n+l

1
> 5[38?‘-:?!+3 — 1442x;,,,] +2

Each of the following expressions represents a Cubical Integers

E}FE:':+E + E'F:'z

[2V3n44 = 76¥3n43] + 3[2Vn40 — 76¥,44]

1

E[[E}Tﬁn+3 - 24'1‘1'3?”:] + 3[(2}Tn+1 - 240":?:]]

[38V3n43 — 240x3,.3] + 3[38y,4; — 240x,,,,]

vV V VYV V Vv @

1

E[[1442_}F3n+3 - 24ﬂx3?z+4] + 3[1442}Fn+1 - 24'1‘1'”_”]]
1

H[[z}rﬂn+4 - 912013”4_:] + 3[2}?-:'1+2 - 9120?‘-::]]

[2¥3, 44 — 480x3,43] + 3[2¥,3, — 480x,,4,4]

1442y3,.4 — 9120x3,,4] + 3[1442y,.5 — 9120x,,,5]

YV V V V¥V

[[2x3n+3 - 38x3?z+2] + 3|:2"x;';!+1 - 38?‘-:’:]]

A\
-
"t
-
w
-
o

- 14423{3”_'_:] + 3[2.’?{'”_'_: - 1442.’1:,!]]

1
> 5[[38xan+4 — 144233, ;3] + 3[38x,,, — 1442x,,4]]

Each of the following expressions represents a Bi-quadratic Integer
2.-."?4:lz+3 + 8_}?:” +1 + 6
[2V4ns5 = 76Vansa] + 4[2¥2543 — 7613,52] +6

1
E[[z}ﬂmﬂ — 240x4,43] + 4[2Y2p42 — 240x5,44]] + 6

v Vv Vv Vv #

[38¥sn4q — 240x4,,.] + 4[38Byy,50 — 240x,,,,] + 6
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vV VYV V V

Y

vV V Vv Vv @

vV V. YV V 'V

A\

6.

1
E[[1442}’4n+4 — 240x,, 5] + 4[1442y5,:0 — 240x,,,5]] + 6

1
E[[E}F4Jz+5 — 9120x4,43] + 4[2¥5,43 — 9120x5,4,]] + 6
[2¥4nss — 480x4,.,] + 4[2y5, 53 — 480x,,,.,] + 6

1442y,,,5 — 91200y, 5] + 4[1442y,,,53 — 9120x,,, 3] + 6

[[2%4n54 —38xy,53] + 4[2705,20 — 38x,44]]1 + 6

1
112 Toa L[2%anss — 1442%,,, 5] + 4[2%5,,5 — 1442x,,,4]] + 6

I'.l.'l||—

[[38x4::+5 1442x,,:4] + 4[38x5,:3 — 1442x,,,,]] + 6

Each of the following expressions represents a Quintic Integer

[2Vsn+4 + 5(23,)% — 5(23,)]

[2Vense — 76¥5ns5] + 5[2V5y0 — ?5}’;;+1:|3 — 5[2¥,42 = 76V 44]

f_.}[ZFE:': +5 — 240x5,,,] + 5[ (zv:l:+l 240x,)]* - [ (2}’;;+1 240x,)]
[38¥s5,45 — 240x5,:5] + 5[38¥,44 — 240x,,,,]* — 5[38y,., — 240x,,,]

1 1
5 (14425, — 240x5,..] + 5[ 5 (1442y,., — 240x,,4,)]° — 5[5 (1442y,,, —
24'17.'”4_:?]]

L1[21’;’5:':+E~ 912015:z+4] + 5[ (2-|’F:'z+"| glzﬂxuj]a [ (EV:':+"| glzﬂxnj]

[2Vsn+6 — 480xg,.c] + 5[2¥,50 — 480x:z+1:|3 —5[2y,4, —480x,,,,]

1442y, .. —9120x. . ]+ 5[1442y ., — 9120x,.,]® — 5[1442y, ., — 9120x,.,]

[
1 1
3 [2x5u+5 38x5n+4] + 5[5 [[:EXJHJ. 38?‘-::)]3 - 5[ [Exaﬁl 38"‘-::)]

1

m [2x5:z+6 144215n+4] + 5[ (Ex:z+" 1442.’1'?!]]3 - (Ex:z+" 1442.’1'”)]

114 [J.J.=1-

1 1
5[38x5u+5 1442x5,. 5] + 5[ [(38x,4; — 1442x,,,1)]° — 5[5 (38x,4, — 144224, )]

Construction of Second order Ramanujan numbers:

The Process of obtaining Second order Ramanujan numbers from suitable choices of x and y

is illustrated through an example below

Consider,

, =114

=114 X1=2xX57=3X38=6xX19
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A = B = C = D
From A = B, Consider the relation
(114+ 1)* 4+ (2—-57)* = (114— 1)* + (2 +57)7

=>(115)* + (—55)* = (113)* + (59)* = 16250

From A = C, Consider the relation

(114+1)* 4+ (3—-38)* = (114 —1)* + (3 + 38)°
=> (115)% + (—35)* = (113)* + (41)* = 14450
From A = D, Consider the relation
(114 +1)* + (6 — 19)* = (114 —1)* + (6 + 19)°
== (115)% + (—13)% = (113)* + (25)? = 13394
From B = C, Consider the relation
(2457)*+(3—-38)*=(2-57)*+(3+38)°
== (59)%2 + (—35)%= (—55)%+ (41)* = 4706
From B = D, Consider the relation
(2457)*+(6—19)* =(2-57)*+(6+ 19)°
=> (59)* + (—13)* = (—55)*+ (25)* = 3650
From C = D, Consider the relation
(3+38)°+(6—19)*=(3-38)"+(6+ 19)°
== (41)2 + (—13)*= (—35)*+ (25)* = 1850
Each of the numbers 16250, 14550, 13394, 4706, 3650, 1850 is expressed as Sum of two

squares in two different ways. Thus, the above numbers are Second order Ramanujan

numbers.

REMARKABLE OBSERVATIONS:
1. Employing linear combinations among the solutions of (1), one may generate integer

solutions for other choices of hyperbola which are presented in table 2 below

Table: 2 Hyperbola.
S.No Hyperbola (X,Y)

1. 360X —¥* =360 X=y

Copyright@ Page 6
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Copyright@

Y= (}F;'z+1 - 19:—"?;':)

519840X° — ¥? = 519840 X =y,
Y= (v,2, —721y,)
3. X?—40v?= X =y,
Y=ux,
4. 361X°% — 40V? = 361 X=y,
V= (x:'z+1 - EF;'EJ

519841X° — 40¥°* = 519841

= [:x:lz+2 - 114}?::)

360X° — ¥* =360

X= [}F:lz+2 - 38}?:':+1]
Y= (lg}r;'HZ - ?El}r:lﬁlj

X® —14440Y° =361

X= [}T:lz+1 - lzﬂxn]

V=x,

8. X*—40v =1 X = (19y,4, —120x,,,)
Y= (19x,:1 — 3¥,44)
9. X*—v?=361 X = (721yp4y —120x,,,)
¥ = (19x,5, — 114y,.,)
10. | X* — 20793640Y* = 519841 | X = (y,4, — 4560x,)
Y=ux,
11. | 361X°% — 40¥° = 361 X = (y,4, — 240x_.,)
Y= (721241 — 3¥,42)
12. | X% — 40vi =1 X = (721y,4, — 4560x,,,)
Y= (721x,,, — 114y,,,)
13. | X* — 360Y° = X = (x,4, — 19x,)
V=ux,
14. | X* — 519840Y~ = 12996 X = (x,.,— 721x)
V=x,
15. | x* — 360¥7=9 X = (19%,4, —721x,4,)

Y= (38x:z+1 - x:z+2)

Page 7
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2. Employing linear combinations among the solutions of (1), one may generate integer

solutions for other choices of parabola which are presented in Table 3 below

Table: 3 Parabola

S. No Parabola (X,2)
1. 360X — 2Z° = 360 X = Vopay
Z= [}F:lz+1_ ]_9_'_!.?:'!]
2. 519840X — 2Z° = 519840 | ¥ = Vap+1
Z= [:}r”+: - ?21}?”]
3. X— 80z =1 X=9Y11
Z=x,
4. | 361X — 80Z°%= 361 X=91
Z= (Xn+1 - 31;;-:)
5. |519841X — 80Z% = 519841 X =y
Z= [x:lz+2 - 114}?:::]
6. | 360X — 2Z% =360 X = (¥ans3z —38x5,45)
z = [ESF:2+E - ?z}r:'z+1:]
7. | X— 30402Z% =19 X = (Vapez —120x5,44)
Z=x,
8. |X—80z*=1 X = (19y,42 —120x5,,5)
Z= (lgxu+l - 3F:z+1:]
9. |19x — s0zr=722 X = (721y,,40 — 120x,,.3)
Z= (19.'.1'”_'_: - 114F:z+1)
10. | X — 80Z° =722 X = (Vapsa — 4560x,,,,)
Z=x,
11. | 361X — 80Z% = 361 X = (Vonsz —240x,,,,)
£ = [?21.’1'”4_: - 3F:z+2]
12. | X— B80Z*=1 X = (721y5,23 — 4560x,,,3)
Z= [?21.’.‘{'”+: - 114}?n+2]
13. | ¥ — 240Z° =3 X = (Xzpaz —19%5,4)
Z=x,
14. | ¥ — 91202 =114 X = (25,23 —721x,,.4)
z = x?!
15. | X — 480z7 =9 X = (19,5 — 72122,55)
Z= (38?‘-?:+1 - 2x:'z+2)
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CONCLUSION:

In this paper, we have presented infinitely many integer solutions for the hyperbola

represented by the positive pell equation y* = 40x*+1. As the binary quadratic

Diophantine equations are rich in variety, one may search for the other choices of positive

pell equations and determine the integer solutions along with suitable properties.
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