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ABSTRACT:

In this paper we propose a modified ratio type estimator for estimating the finite population
mean of the study variable in systematic sampling. The expressions of bias and mean square
error (MSE) up to the first order of approximation are derived and efficiency comparison

made with some existing estimators theoretically with the help of numerical example.
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1. INTRODUCTION

Sample surveys use auxiliary data during the estimation stage to generate more efficient
estimators of population parameters. Ratio, product, and regression estimators remain the
most widely adopted techniques for integrating this information.

Swain (1964) proposed a ratio estimator of population mean whenever the sample is selected
through systematic sampling. Shukla (1971) suggested a product estimator of population
mean in systematic sampling. Following Bahl and Tuteja (1991), Singh et al. (2011)
developed both ratio type exponential estimator and product type exponential estimator for
estimating the population mean in systematic sampling. Tailor et al. (2013) proposed a ratio-
cum-product estimator in systematic sampling for population mean using two auxiliary
variables. Many researchers such as Singh (1967), Kushwaha and Singh (1989), Singh and
Singh (1998), Singh and Solanki (2012), Verma and Singh (2014) and many others discussed
various estimators of population mean in systematic sampling.

Let us consider a finite population U = (Uj,Us.... Un) of size N numbered from I to N.

Assume that N = nk, where n and k are positively integers. There will be k samples (clusters)
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each of size n We, select a sample at random out of k samples and observe the study variable
y and auxiliary variable x for each and evenly unit selected the sample. Let yj, xj for
(i=1,2.....k, j=1,2......n) denote the value of the unit in the i sample of study variable y and

auxiliary variable X. Some notations are defined below:
v — lwvw v—lwvw
X = EE:’:lxija V= Ezizl Fz’_;l'

—= —Llwvm = —= —Llvm
=¥, = E_;f—l}rz'_;l', Xy — Xi, = qu:ixij

It is to be noted that ¥s and X are unbiased estimator of population mean ¥ and X
respectively.

Consider some estimators of the finite population mean from the literature of systematic
sampling.

The simple mean estimator under systematic random sampling is given by:

to==ZL, ¥y (i= 123, ..., k)

Its variance is given by

Var (to) =8 Y pj, C2

N-1
where 6§ = —
ni

Swain (1964) suggested the ratio estimator of population ¥ of the study variate based on the

systematic sample as:

t1 = Fsys[_i] (1.1)

Tyys

Shukla (1971) proposed the product estimator of the finite population mean in systematic
sampling as:

_— =

Motivated by Singh (1967), Tailor et al. (2011) define the following ratio-cum product

estimator for the population mean ¥ as:
-7 | = E_L]
ts=¥,, [E}] E (1.3)

Following Bahl and Tuteja (1991), Singh et al. (2011) utilising the known knowledge of the
auxiliary variable suggested the following ratio and product type exponential estimators

respectively for estimating the population mean ¥ in systematic sampling.
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-V, . EXP [_}_? (1.5)

Xopst

In the present paper we suggest a modified ratio type estimator for estimating the finite
population mean of the study variable in systematic sampling. The Bias and MSE formula for
the modified ratio type estimator are derived. The comparison of the proposed modified ratio
type estimator with other estimators from literature are made theoretically with the help of

numerical example.

2. Proposed Estimator

Following Swain (2014), we consider a ratio type estimator for ¥ in systematic sampling as:

X

t=%,, [;r (2.1)

IS}-.
With the help of the above estimator we propose the following modified ratio type estimator
to estimate finite population mean in systematic sampling when the study variate y is

positively correlated with the auxiliary variable x.

T=ay,, +(1-a)7,, [ir 2.2)

sy
where o is a real constant to be chosen suitably.

To obtain the Bias and MSE of the proposed estimator up to 0 (1/n), we define

Vs T oo — X

E(eo) =E(e1)=0
E(e5) = 6C;p,
E(e3) = 0C2p;
E(eoe1) =0KC? [pip:

where C; = 5 /¥°, ¢ =57/%°

5. C.
=" K= ¥
Pyx _;.-}1 —"-"x’ Pyx Cy

Py* = {1+ py(n-1)}
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px = {1+ px(n-1) }

* _ Py
Py

where py, px are intra class correlation among the pair of units for the variables x and y

respectively.

- 1 -_
5= EZ:{=1Z?=1[}FEJ —Y)

- J_ o
ST EE:{=1E_¥=1 [xi_;l'_ij

i=1j=1

Be the population variance of y, population variance of x and population covariance of y and
x respectively.

Expressing the proposed estimator T in terms of e’s we have

T=Ya(l+e,) +¥(1—a)(1+e,) [1 +e,]7*

Ya(l+e,) +7(1—a)(1+e)(1—5e; +5e9)

= ?(l +e;— %ei +§ef - %eﬁei—l- %rxel —%cxef + %cxeﬂel)

B(T) =E(T)-Y

= (1- )67 [2C2p; —1KC2 /oiP] (2.3)
MSE(T) % E(T-Y )

=9?2[c§p;+§_(1—cxjfcjp; —(1—ajffc§¢“p;—p;] (2.4)

To obtain the optimum value of @,we have to minimise MSE(T). Differentiating MSE(T)
w.r.t. @ and equating the derivative to zero; optimum value of @ is given by:

opy= 1 — Ek,v.'p;.fp; (2.5)
Substituting the value of aopt in (3), we get the minimum value of T as:
MSE(T)op =8Y Cipi[1 — p2] (2.6)

From equation (2.6) It follows that the proposed estimator T at its optimum condition is

equally efficient as that as the usual linear regression estimator.
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3. Efficiency Comparison:

In systematic sampling, the variance of the usual unbiased estimator To =y ___ is given by
F¥3

-

V(To)= 8Y Cp;, (3.1)
The variance of the ratio estimator T suggested by Swain (1964) of population mean ¥ of

the study variate based on the systematic sample is given by
V(T)=8Y [Cipy +CIpi(1—2K/p**)]  (3.2)
The variance of the ratio type exponential estimator T> suggested by Singh et al. (2011) of

population mean ¥ of the study variate based on the systematic sample is given by
V(T2)=8Y [C2p; +;C2pi(1— 4K /p++ )] (3.3)

In this section we compare the optimum MSE of the proposed estimator (Top) With
the MSE of simple estimator To, Ti and T> and found some theoretical conditions under
which the proposed estimator will perform better.

Comparison of To,T1 and T2 with proposed estimator (Topr):

Topt 1s more efficient than simple mean estimator Ty if;
8Y Clpip.,. =0  (3.4)

2. Topt 1s more efficient than T, [suggested by Swain (1964)] if;

|

6Y [Clps + Clpipi. — 2KCE [pipi] =0 (3.5)
Topt 1s more efficient than T2 [suggested by Singh et al. (2011)]if;

—2T1 _ - - - v —
8Y [EC_;,G; +Cy Py Pyx — KC;,ﬂap:f.p;] >0 (3.6)

4. Empirical Study:
To illustrate the performance of the proposed modified ratio type estimator (T) relative to the
estimator To, T1 and T>» we assumed (artificially) the following values of the parameters:

X=44.47,52=149.55, C, = 0.28, 5, = 538.57,¥ = 80, 57 = 2000, C, = 0.56,
5,z = —902.86, 7 = 48.40, 5; =427.83, C,=0.43, Sx,= —241.06, pxy=0.9848,

P,,=—0.9760, p,=—0.9530, p,=0.707, p,=0.6652, p,=0.5487, N=15, n=3.
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Table 2: MSE of To, T1, T2 and Topt.

Estimator MSE

To (simple mean estimator) | 1455.08
Ti[Swain (1964)] 373.1425
T>[Singh et al. (2011)] 820.09
Topt (Proposed) 44.0705

5. CONCLUSION

A modified ratio type estimator has been suggested for estimating the finite population mean
of the study variable in systematic sampling. The efficiency of the proposed estimator is
compared with simple mean estimator as well as the ratio estimator suggested by Swain
(1964) and the ratio type exponential estimator suggested by Singh et al. (2011) both
theoretically and numerically. Theoretical analysis exhibits that the proposed estimator is

more efficient than other estimators under certain conditions.
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